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Abstract—An alternative formulation of the microwave tomog-
raphy problem is proposed, in order to reduce the computation
time of the inversion procedure. The well-known multiplicative
regularized contrast source inversion method is used as reference
algorithm. Our formulation is based on a truncated singular value
decomposition of the matrix involved in the most computationally
intensive operations of the inversion algorithm. After theoretical
and practical investigation of the behavior of the singular values,
it is shown that the corresponding approximation does not yield
any significant degradation of the quality of the solutions even for
large complex permittivity contrasts, while the computation times
are reduced by a factor ranging between 1.1 and 6 with respect to
the original method.

Index Terms—Contrast source inversion, microwave tomog-
raphy, nonlinear inversion, singular value decomposition.

I. INTRODUCTION

T HE goal of microwave tomography is to provide a quan-
titative estimate of the permittivity and conductivity dis-

tribution of an unknown object under test. Biomedical imaging
and more precisely breast cancer detection [1]–[3] are quite
promising fields of application. However, if clinical applications
are considered, the computation time becomes a critical issue.

Due to the nonlinearity and ill-posed nature of the problem
[4], existing algorithms offer a range of trade-offs between the
computation cost and the ability to deal with problems involving
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large scatterers. A good compromise between computation time
and robustness can be obtained by methods that account for
the nonlinearity of the problem but are based on local opti-
mization schemes. It is the case for the distorted Born itera-
tive method (DBIM) [5] (which is equivalent to the Newton-
Kantorovich [6] and Levenberg-Marquardt [7] methods), the
contrast source-extended Born (CS-EB) inversion method [8],
[9] and the multiplicative regularized contrast source inversion
(MR-CSI) method [10]–[15] (which is an extension to the orig-
inal CSI method [16]).

A drawback of DBIM is that solving of the forward problem
is required at each iteration, which is computationally burden-
some. An attempt to overcome this problem is proposed in [17],
[18] where a DBIM is used with a fast forward solver.

The objective of the CS-EB formulation is to reduce the
degree of nonlinearity of the problem. In [9], it is coupled
with a linear sampling method [19] and the resulting algorithm
presents improved performance, notably from the computation
time point of view. However, the conclusion of the authors
is that further works on the computational efficiency of the
method are still desirable. Note that CS-EB can also be used
for efficient computation of the forward problem [20].

This paper deals with the MR-CSI approach which presents a
relatively low computational cost per iteration and, contrarily to
DBIM, does not require solving the forward problem. However,
it may require a significantly larger number of iterations; there-
fore, strategies to reduce the computation time remain highly
desirable.

Here, we propose to reduce the volume of computation of
the MR-CSI method by using an approximate and parsimonious
representation of the microwave tomography problem. More
precisely, the reduction is achieved by using a truncated sin-
gular value decomposition (SVD) of the largest matrix involved
in the problem formulation. First, the relevance and efficiency
of the truncated SVD representation are investigated, from both
mathematical and experimental standpoints. Second, the ques-
tion of the impact of the approximate truncated SVD on the ac-
curacy of the forward problem is addressed. Third, the effect
of the approximation on the performance the MR-CSI inversion
technique is investigated.

Finally, let us mention that the truncated SVD is a well known
regularization technique applicable to linear inverse problems
[21]. In order to avoid any possible confusion, we underline here
that it is both in a different context and with a different goal
that we propose to use the truncated SVD: our direct problem
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is nonlinear with respect to the quantity of interest, which is the
contrast of electrical properties, and our aim is to reduce the
computational burden to get a nearly unaltered solution.

II. BACKGROUND

In a microwave tomography experiment, an object under test
is placed within a domain and is sequentially illuminated by

different microwave emitters. For each illumination, the scat-
tered field is gathered at points. By using the method of mo-
ment as a discretization technique, the microwave tomography
experiment can be formulated as [12]:

for

(1a)

(1b)

where bold-italic fonts and bold-straight fonts denote column
vectors and matrices, respectively. is a length- vector that
contains the measured scattered field related to the th illumi-
nation. is the incident field in (i.e., the field when is
completely filled with the background medium). Its length is
the number of discretization points, denoted by . and
are Green’s matrices of size and , respectively.

is a diagonal matrix such that . and are
length- vectors respectively referred to as the contrast vector
and the current vector. Finally, is a noise vector that models
all perturbations encountered in a microwave tomography ex-
periment.

The unknown quantities are and
represents the actual quantity of interest, since it contains all
relevant information about the permittivity and conductivity of
the object under test [12].

III. SVD BASED APPROXIMATION

MR-CSI, which is detailed in Section IV.A, is based on (1a)
and (1b). In the general case, the most expensive operations
of the method are the matrix-vector products involving matrix

. Indeed, this matrix is large and full (i.e., non-
sparse). However, if the background medium is homogeneous
and a uniform discretization grid is used, has a Toeplitz-
block-Toeplitz (TBT) structure. In such a case, the matrix
does not have to be explicitly built and the computation cost
of a multiplication involving it can be reduced from to

by using a fast-Fourier-transform (FFT) algorithm
[4]. Nevertheless, multiplications involving remain costly
compared to other operations and such a strategy can only be
used in some particular cases. In this paper we suggest to use an
approximate form of , based on its SVD, in order to accel-
erate the inversion process.

A. Truncated SVD of

admits the following singular value decomposition

(2)

where

(3a)

(3b)

(3c)

(3d)

and where and represent the transpose conjugate and trans-
pose operations, respectively. Note that matrices and are
square with size .

Our objective is to approximate by its truncated SVD
(TSVD). More precisely, we define , the approximation of

, as

(4)

where

(5a)

(5b)

(5c)

(5d)

(5e)

and where the value of , which is smaller than , is given by
a truncating rule to be defined. Note that the matrix
is approximate by the product of two smaller matrices of size

.
Obviously, such an approximation is possible only if

(6)

i.e., if the singular values decrease toward 0 (or toward a
small value) when increases. Moreover, from a computation
point of view, the approximation will be efficient only if the
decay of the singular values is relatively fast, i.e., if is small
with respect to . In the next subsection we introduce results
showing that the values of actually converge systematically
toward 0 and we quantify this decay.

B. Behavior of

In [22], [23], the SVD of the operator linking the equivalents
currents to the measured scattered field is analyzed and, on the
basis of the fast decay of the singular values of the operator,
conclusions are drawn in terms of degrees of freedom of the
problem. However, these results cannot be directly applied to the
problem at hand, as represents a different operator linking
the same equivalent currents to the scattered field inside the re-
construction domain. Since the kernel of presents a singu-
larity, different theoretical tools must be used.

Here, we first perform an analysis of the continuous operator,
called , from which is derived. In this work, the analysis
is limited to a 2D TM configuration [12] with a homogeneous
background medium.
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The product is the discretized form of the following
operation:

(7)

where . and are the continuous representations
of the scattered field and of the currents, respectively and is
the kernel of the integral operator. In our case, (7) represents
a convolution operation with , where

is the zeroth order Hankel function of the second kind
times a constant (i.e., the Green’s function of the background
medium) [12].

It is known that an integral operator is compact if its kernel
is square-integrable [24], and that compact continuous opera-
tors admit a SVD with singular values that accumulate to zero
[24]. It is shown in Appendix A that , with and

, is square-integrable despite its singularity at .
Therefore, operator admits a SVD and has singular values
which decay toward zeros. We now focus on the rate at which
the decay occurs.

In [22], it is stated that the singular values of operators having
an analytic kernel decrease to zero in a step-like fashion and
with an exponential decay after the “knees”. Unfortunately, in
our case, the operator is not analytic due to the singularity men-
tioned above. Therefore, fast decay of the singular values can
not be proven on such a basis. However, results showing that
the singular values of a truncated convolution operator such as

may be asymptotically (i.e., as the size of grows) approxi-
mated by the spectrum of the convolution kernel have been es-
tablished, in both continuous [25] and discrete [26], [27] frame-
works. Conditions sufficient for these results to hold include (i)
the hermitian symmetry of the convolution kernel and (ii) the
continuity of the spectrum of the convolution kernel. Here, con-
dition (i) is not met since is merely symmetric as op-
posed to hermitian. However, as noted in [25], the asymptotic
approximation result holds in this case when one substitutes the
singular values of the operator for its eigenvalues, and the mod-
ulus of the spectrum of the convolution kernel for its spectrum,
respectively. Condition (ii) is not met either, essentially because
of the slow decay of when goes to infinity. Nonethe-
less, the above results suggest that useful indications about the
behavior of the singular values of may be provided by the
modulus of the Fourier transform of the truncated convolution
kernel, or by discrete versions thereof since the analytic expres-
sion of the spectrum of is known and decreases to zero
fast when increases. We now present numerical experiments
which support this claim.

Let us first define as the truncated version of the discrete
convolution kernel. Fig. 1 compares the behavior of with
the one of (after rearranging these quantities in
decreasing order) for different configurations. Three different
sizes of reconstruction domains and three different discretiza-
tion steps were tested. More precisely, Fig. 1 (a)–(c) were
obtained with a unique discretization step of , where
is the wavelength in the background medium, and with do-
mains having side lengths of and , respectively.
Fig. 1 (d) and (e) were obtained with a unique domain with

Fig. 1. Comparison of � with ������ �� for different sizes of domain ���
�� and different discretization steps ���. Both quantities are sorted in a de-
creasing order. (a) � � � � � � � ��	, (b) � � 
��� � � � � ��	,
(c) � � �� � � � � ��	, (d) � � 
��� � � � � �
	, (e) � � 
��� �
� � � ��	.

side-length equal to and discretization steps equal to
and , respectively.

Three conclusions can be drawn from the examination of
these results: (i) In all cases, the singular values decrease to-
ward zero. (ii) The decrease of follows the one of
very closely. (iii) The rate of decay is quite fast, particularly for
small values of .

Both conditions for to be a good and efficient approxi-
mation of , which are stated at the end of the previous sub-
section, are then met. In other words, the previous results sug-
gest that can be a very good approximation of even for
small values of , i.e., even if only a few singular values of
are kept in the approximation. However, contrarily to cases re-
ported in [22], the decrease does not occur in a step-like fashion.
Then, there is no “obvious” choice for the truncating rule and
different choices yield different trade-offs between truncating
ratio and precision. Two different truncating rules are proposed
in Section V.

Finally, let us me mentioned that, despite the fact that this
analysis and the cases tested in this paper are limited to the
homogeneous background scenario, we observed the same be-
havior for the values of related to inhomogeneous back-
grounds, like the one presented in [28]. Note that, in these cases,
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the values of cannot be compared to since is
undefined.

C. Truncated- Formulation

Before introducing how the proposed approximation can be
used in an inversion algorithm, let us underline that this approx-
imation can be used to form a new formulation of the microwave
tomography problem in which (1a) remains unchanged and (1b)
is replaced by

(8)

where models the errors due to approximation (6). According
to the previous results, if is correctly chosen, should be
small. Equations (1a) and (8) will be referred to as the trun-
cated- formulation.

Note that the proposed approximation does not directly affect
the contrast , which is the quantity of interest during the inver-
sion process. Indeed, the product computes the scattered
field inside domain . Thus, only this field is approximated in
our formulation, and the approximation can be made as good as
one may want by increasing the value of toward .

IV. APPLICATION TO THE INVERSE PROBLEM

In this section, we apply the proposed approximation to an
inverse scattering method: the MR-CSI algorithm. Let us first
briefly introduce the MR-CSI approach before explaining how
it can be adapted to the truncated- formulation.

A. MR-CSI

MR-CSI is an iterative method based on (1). At each iteration
, currents and contrast are alternately updated by mini-

mizing the following criterion:

(9)

where

(10a)

(10b)

(10c)

is the volume of and

(11)

where denotes the reciprocal mesh size of the discretized
domain [13].

More details about MR-CSI, the procedure used to update
and and the stopping rules can be found in [13], [14].

B. MR-CSI Based on the Truncated- Formulation

We propose to use the truncated- formulation with the
MR-CSI method. More precisely, we suggest to replace by

in (10b) and (11). Since the resulting criterion has the
same form as the original one, the minimization algorithm of the
MR-CSI method can be used with the only difference that each
product by is replaced by two products with a total elemen-
tary multiplication count of . By using the truncated-
formulation with the MR-CSI approach, one can then expect to
significantly accelerate the inversion process (since )
without significantly altering the solution (since ).
Before validating this hypothesis with experimental results, we
address the question related to the computation cost of the SVD
of .

C. SVD Computation Cost

The computation cost of a singular value decomposition
raises extremely rapidly with the size of the problem. One can
then question the benefit of using the proposed approach for
very large problems.

A salient feature of the truncated- formulation is that the
SVD has to be calculated only once for a given configuration.
Therefore, large computation times may be acceptable. More-
over, algorithms capable of performing truncated SVD, i.e., ca-
pable of computing only the first singular values and vectors
of a matrix, are available. This produces a significant decrease in
the computation costs since only few singular values are needed
in our formulation. Nevertheless, this approach may not be suf-
ficient for very large problems.

The computation of singular values and vectors has been
studied extensively and a number of algorithms are available.
It is not the aim of this paper to compare or analyze them.
However, from a practical standpoint, we observed that, for
all configurations used in this paper, the maximal time for
the SVD computation was 83 seconds (for a case where

) and the minimal one was 4 seconds (for a
case where ). Computations were performed
on a PC running Windows Server 2008 and configured with a
quad-core processor clocked at 3 GHz and 12 GB of RAM. We
used the svds function of Matlab 7.5 to perform the SVD.

V. RESULTS

In this section the efficiency of the truncated- formula-
tion is validated. We first compare the solutions of the forward
problem obtained with and without the approximation. Then the
impact of the proposed formulation on the solutions provided by
the MR-CSI method is analyzed. Two truncating rules, leading
to different trade-offs between computation cost and solution
quality, are proposed.

Tests were performed on both synthetic and experimental data
and were limited to the 2-D TM case [12] with a homogeneous
background medium. For synthetic data, two reconstruction do-
mains were considered. Both were square with side length of
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Fig. 2. (a) Real and (b) opposite value of the imaginary parts of the contrast
of the square cylinder object in domain 1. The � and � axes are indexed by the
sample number.

Fig. 3. Real part of the contrast of the Ö object in domain 1. The imaginary part
is set to zero. The � and � axes are indexed by the sample number.

Fig. 4. Real parts of the contrasts of (a) the homogeneous object [32] and (b)
inhomogeneous object [33]. Both objects have a purely real contrast.

for the first domain and for the second one. We will
refer to them as domains 1 and 2, respectively. The same dis-
cretization step of was used in both cases.1 The number
of discretization points was for domain 1
and for domain 2. In each case, we used

with emitters and receivers equally spaced on a
circle with radius whose center coincided with the
center of . Experiments were limited to single frequency har-
monic excitation.

For each reconstruction domain, two objects under test were
considered. The contrast distributions of both objects tested in
domain 1 are shown in Figs. 2 and 3. We will refer to them as the
square cylinder and Ö objects, respectively. The square cylinder
object was made of two concentric square cylinders; the contrast
values for the outer and inner cylinders were and ,
respectively. The Ö object was made of three circular cylinders

1We assumed that the range of the contrast values to be rebuilt was between
0 and 3. We used a discretization step equal to one tenth of the wavelength in
the highest permittivity material, which leads to a discretization step of � ���.
Such a choice is frequently done and inspired by the works of Richmond [29],
[30].

TABLE I
SUMMARY OF THE TESTED CONFIGURATIONS. * INDICATES THAT THE OBJECT

DIMENSIONS WERE SCALED IN PROPORTION TO THE RECONSTRUCTION

DOMAIN

placed in an O fashion (this contrast distribution was inspired by
[31]). The contrast of the cylinders was constant and purely real
with a value of 1 for the large cylinder and 3 for the two small
ones. For domain 2, the same two objects were tested but their
dimensions were scaled in proportion to the size of the domain.

We also used experimental data from the Fresnel Institute2

databases. Tests were performed with the 3 GHz dataset of the
experiments reported in [32] and [33] for quasi 2-D setups. Here
we present results obtained with two of the tested objects. The
real parts of their contrasts are shown in Fig. 4. For both objects,
the imaginary part was equal to zero (i.e., lossless objects). We
will refer to the object presented in Fig. 4(a) as the homoge-
neous object [32] while the object presented in Fig. 4(b) will
be referred to as the inhomogeneous object [33]. In both cases,
we used a reconstruction domain of and a dis-
cretization step of , which leads to . The
number of emitters and receivers used for the exper-
iments at the Fresnel Institute were for the
homogeneous object and for the inhomoge-
neous object. The receivers were distributed on a circle whose
center coincided with the center of . The radius of this circle
was 0.76 m for the homogeneous object and 1.67 m

for the inhomogeneous one. The different configura-
tions are summarized in Table I.

A. Forward Problem

First, we solved the forward problem for the synthetic cases
with both classical and approximated formulations and we com-
pared the resulting scattered fields at the receiver level. In other
words, we compared the quantities

(12)

(13)

Quantitative assessment of the quality of the truncated-
formulation was performed using the relative mean square error
defined as

(14)

We tested two different SVD truncating rules respectively re-
ferred to as and . is defined as the smallest index

such that while . Table II gives the

2Fresnel Institute—Marseille: http://www.fresnel.fr.
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TABLE II
VALUES OF � AND � FOR DOMAINS 1 AND 2 AND ASSOCIATED PERCENTAGE

OF TRUNCATED SINGULAR VALUES

Fig. 5. Amplitude of the expected measured scattered field for the classical for-
mulation ���� � and for the truncated-� formulation ����� �, (a) square cylinder
object and (b) Ö object. � � � . Domain 1 was used.

TABLE III
� FOR BOTH VALUES OF � AND FOR ALL SYNTHETIC TEST CASES

exact values of and for domains 1 and 2 as well as the
percentage of truncated singular values related to these choices.
It can be observed that this ratio increases with the size of the
domain.

The mean square error values obtained for both values
of and for all synthetic test cases are reported in Table III.
Fig. 5 also depicts the quantities and for both objects
in domain 1 with .

As a general rule, we observe that the mean square errors gen-
erally increase with the size of the object and with the contrast
value. However, in most cases, the MSEs remain very low. More
precisely, MSE values obtained with the square cylinder object
are very small (below dB) for both values of and for both
domain sizes. For the Ö object, MSEs are also very small (below

dB) when is used while, when is used, they are sig-
nificantly higher. According to these results, we conclude that
the proposed approximation leads to almost no loss of informa-
tion when is used, and thus despite the fact that more than
89% of the singular values of are not used in the formulation.
When is used, this percentage increases to at least 94% and it
seems that there is still almost no loss of information for objects
having relatively small dimensions or low contrast values.

TABLE IV
RECONSTRUCTION TIMES AND MEAN SQUARE ERRORS OBTAINED FOR

SYNTHETIC OBJECTS WITH BOTH FORMULATIONS

TABLE V
RECONSTRUCTION TIMES AND MEAN SQUARE ERRORS OBTAINED FOR

OBJECTS OF THE FRESNEL INSTITUTE WITH BOTH FORMULATIONS

We now study the impact of our formulation on the inversion
process.

B. Inverse Problem

We applied the truncated- formulation to the MR-CSI
method. Once again, quantitative assessment of the quality of
the solution was performed using the relative mean square error
defined as

(15)

where is the actual contrast. Note that white Gaussian noise
was added to each set of simulated data in order to get a 20 dB
signal-to-noise ratio.

For each object, solutions were computed in four cases: (i)
classical formulation, FFT used to accelerate matrix-vector
products involving , (ii) classical formulation, FFT not used
to accelerate matrix-vector products involving , (iii) trun-
cated- formulation, , (iv) truncated- formulation,

. Both the computation time and the mean square
error were compared (obviously, the mean square error values
were the same in cases 1 and 2). We underline that, for a given
configuration, i.e., a given object and a given reconstruction
domain, the same number of iterations was performed with all
formulations.

Tables IV and V summarize the results for the synthetic and
experimental cases, respectively. The reconstructions are pre-
sented in Figs. 6 to 9 (for synthetic cases, only the results ob-
tained with domain 1 are presented due to space considerations).

Comparison of the mean square errors suggest that the solu-
tions provided by classical and truncated- formulations are
equivalent in all cases when is used. This is confirmed by
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Fig. 6. Reconstructions of the square cylinder object in domain 1. Real part
on the left side, opposite value of the imaginary part on the right one. (a) Trun-
cated-� formulation with � � � , (b) Truncated-� formulation with � �
� , (c) classical formulation. The � and � axes are indexed by the sample
number.

comparing part (b) to part (c) in Figs. 6 to 9. Indeed, a qual-
itative examination shows that the solutions are almost iden-
tical in all cases. When is used, solutions equivalent to the
ones of the classical formulation are also obtained with three
of the four tested objects, i.e., with the square cylinder, ho-
mogeneous and inhomogeneous objects. This is confirmed both
by the comparison of the MSE values and by the examination
of Figs. 6 (a) and (c), 8 (a) and (c), and 9 (a) and (c). The Ö
object with is the only case where the truncated-
and classical formulations do not produce equivalent solutions.
This confirms that the truncated- formulation looses preci-
sion when the contrast values increase (recall that the Ö object
is the only one involving contrast values of 3). The worst case
occurs for domain 2, where the MSE increases from 0.08 to 0.13
when the truncated- formulation is used. However, inspec-
tion of the solutions obtained in this particular test case, pre-
sented in Fig. 10, shows that the reconstruction obtained with the
proposed formulation is still very acceptable and that it is quite
similar to the one given by the classical formulation. Moreover,
for domain 1, the reconstruction obtained with the approximate
formulation is better than the one obtained with the classical for-
mulation. In summary, we can claim that solutions equivalent
to the ones produced by the classical MR-CSI method are ob-
tained if is used. If is used, equivalent solutions are also

Fig. 7. Reconstructions of the Ö object in domain 1. (a) Truncated-� formu-
lation with � � � , (b) truncated-� formulation with � � � , (c) classical
formulation. Same type of representation as in Fig. 6.

obtained for small objects or objects involving small contrast
values while different but still acceptable solutions are obtained
otherwise. All these results confirm the efficiency of the approx-
imation regarding the quality of the solution.

The comparison of the computation times shows that the trun-
cated- formulation produces an acceleration of the inversion
process in all cases. Moreover, in most of the cases, this accel-
eration is significant. More precisely, when is used, the com-
putation time decreases by a factor ranging from 1.2 to 4.7 (av-
erage of 2.8) compared to the cases where the FFT is used while
it decreases by a factor ranging from 2.6 to 6.2 (average of 4.2)
otherwise. When is used, the computation time decreases
by a factor ranging from 1.1 to 3.5 (average of 2.2) compared
to the case where the FFT is used while it decreases by a factor
ranging from 2.3 to 4.5 (average of 3.3) otherwise. Finally, using

instead of yields an additional decrease of the computa-
tion time of approximately 25%.

Note that, when FFT is used with the classical formulation,
the relative acceleration obtained with the proposed formulation
varies significantly from one test case to the other. This is due
to the fact that the FFT algorithm is optimal when the size of the
discretized convolution kernel is a power of two (zero padding
can be used to reach the nearest power of two but this leads to an
artificial increase of the size of the problem). This explains why
the time reduction obtained with the truncated- formulation
is less important when the domain size is 30 30 (domain 1)
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Fig. 8. Reconstructions of the homogeneous object. (a) Truncated-� formu-
lation with � � � , (b) truncated-� formulation with � � � , (c) classical
formulation. Same type of representation as in Fig. 6.

and 32 32 (experimental data) while it is maximal when the
domain size is 40 40 (domain 2).

Finally, it can be observed that the time reductions were less
important with the inhomogeneous object. This can be explained
by the fact that, in this case, the number of data points
and thus the size of were significantly larger than in other
cases while the size of remained unchanged. Therefore, the
relative gain coming from the approximation of was less
important.

In any case, all these results confirm the efficiency of the pro-
posed method. Moreover, they suggest that the choice between
the two proposed truncating rules should be made according to
the characteristics of the application at hand. Indeed, in appli-
cations involving mainly low contrasts and/or in applications
where small reconstruction errors can be tolerated, the rule
should be chosen since it leads to a maximal decrease of the
computation time. In other cases, the rule , which provides
solutions equivalent to the ones of the classical formulation,
should be preferred.

VI. CONCLUSION

This paper proposes an alternative approximate formulation
of the microwave tomography problem which yields a signif-
icant reduction of the computation time of the MR-CSI algo-
rithm. We based our work on the observation that the speed of

Fig. 9. Reconstruction of the inhomogeneous object. (a) Truncated-� formu-
lation with � � � , (b) truncated-� formulation with � � � , (c) classical
formulation. Same type of representation as in Fig. 6.

Fig. 10. Reconstruction of the Ö object in domain 2. Real part on the left side,
opposite value of the imaginary part on the right one. (a) Truncated-� formu-
lation with � � � , (b) classical formulation. The � and � axes are indexed by
the sample number.

this method is limited by the large size and the non-sparsity of
the matrices involved in the microwave tomography equations.
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To overcome this problem we suggested to replace by its
truncated SVD. A study of the behavior of the singular values
indicates that their values can be closely approximated by the
DFT of a truncated version of the convolution kernel, and that
their decay toward zero is quite fast. In addition, integration of
the resulting truncated- formulation into the MR-CSI algo-
rithm is straightforward and results in a lower total computation
cost.

Regarding truncation of the SVD, two rules were proposed.
With one of them, the proposed formulation yielded solutions
equivalent to those obtained with the classical formulation while
approximately 90% of the singular values were not kept in the
approximation. With the other one, approximately 95% of the
singular values were removed and the solutions provided by the
proposed formulation were equivalent (for low contrast or small
objects) or quite close to the ones provided by the classical for-
mulation. At the end, the computation times of the inverse prob-
lems were reduced by a factor ranging from 1.1 to 6.2 depending
on the setup configuration and on the object under test. Finally
note that the proposed technique can be directly applied for
solving the forward scattering problem, and that similar com-
putational savings should be expected.

APPENDIX

A. Proof That the Kernel of is Square Integrable

The goal of this Appendix is to show that is square
integrable on . Let us define as

(16)

and the sets and as

(17)

(18)

Given that we can write (16) as

(19)

and we can deduce the following inequality:

(20)

The right term of (20) is a product of two independent integral
operations. The result of the first one is finite since
is finite. The result of the second operation is
also finite since is finite and is integrable in the vicinity
of its singularity (the proof is rather simple and omitted here).
We then have that is finite, hence the proof.
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